Acoustic source localization (ASL) in a highly anisotropic plate is a challenging task. The basic assumption in many of the currently available techniques is that the wave propagates along a straight line from the source to the receiving sensor. However, waves in anisotropic solids propagate along curved lines and form non-circular wave fronts. As a result, for a highly anisotropic solid the acoustic source localization techniques that assume straight line propagation of waves from the source to the receiver are bound to produce a significant error.
Introduction
The importance of structural health monitoring (SHM) of aerospace and civil structures that consist of anisotropic materials is continuously increasing. SHM is needed to mitigate severe damages or system failures caused by a sudden impact of foreign objects or crack formations inside. Various techniques for acoustic source localization have been reviewed by Kundu [1] . Different versions of the acoustic source localization technique in an anisotropic plate with known velocity profile are available in the literature [2] [3] [4] [5] [6] [7] . Most of these techniques require optimization scheme such as simplex algorithm [8] and genetic algorithm [9, 10] .
Kundu [11] proposed a new technique for acoustic source localization in an anisotropic plate with the help of six receiving sensors. This technique neither needed the knowledge of the plate properties such as the direction dependent velocity profile in the plate nor required to solve a system of nonlinear equations. Kundu et al. [12] experimentally verified the technique for plates made of both isotropic (requiring 4 sensors) and anisotropic materials (requiring 6 sensors). Ciampa et al. [13, 14] also proposed a technique that required 6 sensors for acoustic source localization in anisotropic plates without knowing the plate properties. However, their technique required the solution of a system of nonlinear equations. Techniques proposed by both Kundu et al. [11, 12] and Ciampa et al. [13, 14] are reliable only for weakly anisotropic plates.
Baxter et al. [15] and Xiao et al. [16] also proposed techniques for acoustic source localization when the structural properties are unknowns. The technique proposed by Baxter et al. [15] required initial training of the structure by a system of known acoustic sources at different locations and then that knowledge was used for localizing the future acoustic events by comparing the recorded arrival time difference (that they called Delta-T) between different sensor pairs with those from the training dataset. For large structures the training part can be very time consuming. Xiao et al. [16] used two arrays of sensor in mutually perpendicular directions (x and y) and localized acoustic source from these two arrays by beam forming method. Since for beam forming method the localization accuracy is not very high in the array direction the authors showed that by considering two perpendicular arrays the acoustic source can be localized with reasonably high accuracy in a plate like structure even when there is uncertainty about the propagating wave velocity.
Recently Kundu et al. [17] function to accurately find the source location. The hybrid technique converges faster than the method proposed by Ciampa et al. [13, 14] that did not have any way of generating first estimates of the unknown parameters. However, the hybrid technique also had some prediction error similar to other techniques that assume that the wave propagates from the acoustic source in different directions with the direction dependent average group velocity values.
In this paper a new technique is proposed to overcome the shortcomings of the existing acoustic source localization techniques by changing the analysis perspective from the direction dependent group velocity of the wave and its straight line propagation to specific wave front shape and its geometric properties. The paper begins by revisiting acoustic sensor configuration proposed in Kundu et al. [11, 12] to define direction vector of an incoming wave. Section 3 reports fundamental difficulty of source localization in an anisotropic plate with simulated non-circular wave fronts. New technique based on the non-circular wave front is discussed in Section 4 and the numerical validation is given in Section 5.
Direction vectors measured by sensor clusters
Kundu et al. [11, 12] introduced a simple right-angle configuration of three sensors placed orthogonally with a distance (d) from the middle sensor (O) as shown in Fig. 1 . The three-sensor configuration is called a 'Sensor cluster'. The cluster is mounted on the surface of the plate to record incoming wave signals synchronously. The distance d between the sensors in a cluster should be small enough to neglect dispersion over distance d. In addition, the distance d is much smaller than the distance from the source location to the cluster so that the angle of propagation from the source to the three sensors can be assumed to be the same. Large distance from the source to the acoustic cluster also helps to separate different guided wave modes over the travel distance. This justifies using a single value of wave front velocity (v) shown in Fig. 1 and corresponds well with Fig. 2(a) where the first part of each signal displays good agreement in shape. As a result, the wave front passing through the cluster can be assumed to be a plane wave front as depicted in Fig. 1 .
The direction vector (w ?

!
) and the parallel vector (w ! ) of the plane wave front toward the point O from the first quadrant of the local x-y coordinates can be described as
where h follows the sign convention: CCW is positive, and it is obtained from four-quadrant inverse tangent with two TDOAs
With the plane wave front approximation, one can assume that the three sensors receive identical signal patterns near the first arrival and the signals are dispersed afterwards. TDOA is a time shift between two received signals which is computed by the cross-correlation technique, by plotting the product of two signals when for one signal the time shift is continuously changed. Two signals recorded by two sensors are displayed together in Fig. 2  (a) . Similar signals with a small time shift are found in the range between 1100 ls and 1500 ls. The time shift between them can be easily found by the cross-correlation technique. This method examines the similarity between the two given signals by computing:
The maximum value of the cross-correlation plot corresponds to the time shift or TDOA as shown in Fig. 2(b In the model, eight elements through the plate thickness -i.e. Dz = 0.25 mm, with in-plane element size Dx = Dy = 0.5 mm, were used. The total number of elements in the model was 8 M. The time step, Dt, was taken 0.025 us to ensure stability of the explicit time integration scheme.
Acoustic source is located at the center of the plate (250, 250) and excited by a two-period sine signal modulated by Gauss window. Free boundary conditions are used in the model. 
Proposed new technique
Rhombus wave front
In anisotropic plates propagating waves form non-circular wave fronts -typically rhombus or ellipse. When rhombus wave front is formed then measured wave propagation direction vectors (w ? ! ) for two adjacent clusters become parallel regardless of the cluster's location as in Fig. 5(a) . In this example the rhombus wave front propagates faster than the other wave front so the sensors detect it first without any interference with the reflected waves from the boundary. For acoustic source localization the concentric rhombus wave fronts depicted in Fig. 6 are analyzed instead of trying to find the intersection point of a set of straight lines from sensor clusters. In other words, geometric properties of the concentric rhombus are utilized to determine the acoustic source location. All concentric rhombuses share a vertical diagonal and a horizontal diagonal, and the intersection of the two diagonals is the Acoustic Source location as shown in Fig. 6 . There are two basic requirements for this method. First, shape velocity or the velocity of the rhombus wave front is constant, and two sensor clusters, for example S r and S I , are placed such that the shape velocity can be obtained from these two clusters. The distance between the two sensor clusters S r and S I along the wave propagation direction is denoted by d r1 . TDOA between these two sensor clusters is ðt r À t 1 Þ. Then the
In order to compute the shape velocity, the two clusters S r and S I must be located in the same quadrant; in other words, one plane wave front must pass through these two sensor clusters. Minimum number of required sensor clusters is 4 for localizing the acoustic source in an anisotropic plate that generates rhombus wave front. One diagonal of the rhombus can be obtained by simple vector analysis with direction vectors and TDOA (t 2 À t 1 ) between clusters S I and S II . Similarly, the second diagonal of the rhombus can be obtained from direction vectors and TDOA (t 3 À t 1 ) between clusters S I and S III . These two diagonals will be denoted as vertical and horizontal diagonals. Detail derivation is given below. After two diagonals are obtained from the concentric rhombuses, the acoustic source location is identified from the intersection point of the two diagonals. Therefore, only geometric properties of the rhombus shape and direction vector measurements at four cluster positions are needed to predict the exact source location without knowing any material properties or direction dependent velocity profile of the anisotropic plate.
Direction vectors and parallel vectors at the sensor clusters were discussed in Section 2. Cross-correlation method for getting TDOAs between any two sensors was also described earlier. Now the vector analysis for localizing the acoustic source will be introduced. Let us denote the direction vector at S r and S I as u ? ! and the parallel vector at S I as u ! . The distance between wave front L 1 and L r is d 1r , then the shape velocity or the wave front velocity can be obtained in the following manner: 
where R is real number space and all vectors have two coordinate components, ðx; yÞ T . If TDOA between S I and S II is zero, the bisector V bi in Fig. 7 (a) becomes the vertical diagonal of the rhombus directly. Otherwise, the line L 1 should be shifted by d 12 to align the rhombus at t ¼ t 2 in order to find the true vertical bisector, V tr . Using the given shape velocity, the shift is simply
The shifted line (L 0 1 ) may be derived from the following parametric representations involving the shift:
And the line (L 2 ) passing through S II is given in the same manner,
By rearranging Eq. (10) Fig. 7(a) ),
where b V ! is parallel to the bisector and is obtained by adding two unit vectors:
For obtaining the true horizontal diagonal (H tr ) of the rhombus wave front, one can follow exactly the same procedure as described in Eqs. (7)- (13) . The new shift (d 13 ) and the new shifted line (L 00 1 ) are computed based on the TDOAs between S I and S III as shown in Fig. 7(b) )
The other line passing through S III is expressed using the direc-
For obtaining the intersection point P H , we solve
and denote Eq. (17) as
By rearranging Eq. (18) one gets the following system of simultaneous equations from which two unknowns, j 00 1 and j 3 can be solved: Fig. 7(b) ),
where b H ! is parallel to the bisector:
Since the two true bisectors are diagonals of the rhombus wave front, we can conclude that the final intersection point of V tr and H tr must be the acoustic source location. The final step to examine the source position (P S ) is to solve the following relation
After substituting Eqs. (12) and (20) into Eq. (22) we get
After some algebraic manipulation one gets, 
Elliptical wave front
Another common non-circular wave front for anisotropic plates is an ellipse as shown in Fig. 3(a) . Fig. 5 shows how the source localization technique with circular wave front assumption fails for anisotropic plate for both rhombus and elliptic wave fronts. In our example the elliptic wave front propagates behind the rhombus wave front (see Fig. 3(a) ) but the propagating energy is much higher for the elliptic wave front and therefore gives higher signal to noise ratio in the recorded signal.
For acoustic source localization the concentric ellipse wave fronts depicted in Fig. 9 are analyzed by establishing analytic approach instead of trying to find the intersection point of a set of straight lines from sensor clusters. Again it is assumed that the separation between the sensors in a cluster is much smaller than the distance from the source location to the cluster. Therefore, the wave front passing through the cluster can be considered as a plane wave front. The second assumption is that the two principal axes of the anisotropic thin plate are aligned with 2D XY Cartesian coordinates. For most anisotropic materials this assumption can be satisfied without any difficulty.
The equation of an ellipse with unknown center and eccentricity can be given by,
where the ellipse center is ðC x ; C y Þ, 'a' is semi-major axis, and 'b' is semi-minor axis. At t ¼ t 1 , sensor cluster S I receives the wave front first. Then clusters S II and S III receive signals at time t 2 and t 3 , respectively. Following Eqs. (1) and (3), one can define parallel vectors u
which are tangents to the three wave fronts, shown in Fig. 9 as:
Slope of parallel vector on i
As a result, the derivative of the ellipse at every sensor cluster can be denoted in terms of h i : dx dy
Note that the concentric ellipses have identical major axis/ minor axis ratio ða=bÞ, so one can replace the two unknowns by one, c. Consequently, three equations are established to solve three unknowns (c, C x , C y ), 
where tan h i is the ratio of two TDOAs as given in Eq. (2). Since Eq. (29) is nonlinear, the damped least squares optimization method, so called Levenberg-Marquardt Algorithm (LMA) is used to solve this system of equations. Objective function for the optimization is
i ¼ I; II; and III ð30Þ and LMA finds (c, C x , C y ) by forcing U converging to zero.
Numerical validation of the proposed technique
Two approaches for acoustic source localization have been proposed in this paper. Wave fronts generated by the LISA numerical simulation [19, 20] are utilized to validate the proposed methods.
As the recorded signal at all sensor clusters have two distinct arrivals as shown in Fig. 4 , the method appropriate for the rhombus wave front is employed first, and then the technique for the elliptic wave front is employed. The following results were obtained by analyzing different parts of the time signals, namely the first arrival for the rhombus wave front and then the second arrival for the elliptic wave front. In Fig. 10 , the estimated source location P Fig. 10 ) of the rhombus wave front can be obtained by drawing a straight line which is parallel to the bisecting vector b V ! and going through point P v . In a similar manner with two sensors, S I and S III , the horizontal diagonal (the solid line H tr in Fig. 10 ) can be drawn. Finally, the intersecting point of the two diagonals is the estimated acoustic source location. All computed vectors, points from the numerical simulation and vector analysis are listed in Table 1 . Note that the prediction error [or the distance of the predicted point (P Ã S ) from the actual acoustic source location (P S )] is only 2.68 mm, while the distances between the source and four clusters vary from 130 to 283 mm. The localization uncertainty for the elliptic wave front is due to two reasons -(1) the simulated wave front is not perfectly ellipse, and (2) some sensor clusters that are located close to the plate boundary records the interference of two wave fronts -the elliptic wave front coming from the acoustic source and the boundary reflected fast propagating rhombus wave front. Interference between these two wave fronts introduces some error in the TDOA measurements. If an elliptic wave front is generated in a weakly anisotropic large plate, for example in a cold rolled metallic plate, then this technique is expected to give better predictions.
Conclusion
A new technique for accurately predicting the acoustic source (such as an impact point) on an anisotropic plate is presented. It does not require prior knowledge of the material properties. This technique analyzes the geometric shape of the wave front. It utilizes the geometric properties of the wave front and avoids the previous shortcomings that required the direction dependent group velocity of the wave and/or assumed straight line propagation of Fig. 9 . Elliptical wave front is generated by an acoustic source and propagates outward forming concentric ellipses. At t ¼ t1, sensor cluster SI receives the wave front first. Then cluster SII and SIII receive signals at times t2 and t3, respectively.
waves from the source to the sensor. It avoids the need of knowing the material properties of the plate such as its density, orthotropic elastic moduli and Poisson's ratios as long as the basic requirements of this technique are met which are: (1) at least twelve sensors in four clusters are placed in three different quadrants for the rhombic wave front, and (2) at least nine sensors in three clusters are placed and principal axes or the major and minor axes directions are known for the elliptic wave front.
In this manner we could avoid rigorous analysis of the wave propagation theory and time consuming modeling and computation of wave signals in an anisotropic plate to localize the acoustic source. We could do it simply by identifying the wave front shape and conducting some vector analysis on that shape. 
